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Abstract. Let X be an orthogonal Grassmannian parametrizing isotropic 
subspaces in an even dimensional vector space equipped with a nondegenerate 
symmetric form. We prove a Giambelli formula which expresses an arbitrary 
Schubert class in the classical and quantum cohomology ring of X as a poly- 
nomial in certain special Schubert classes. Our analysis reveals a surprising 
relation between the Schubert calculus on even and odd orthogonal Grassman- 
nians. We also study eta polynomials, a family of polynomials defined using 
raising operators whose algebra agrees with the Schubert calculus on X. 



0. Introduction 

Consider a complex vector space V of dimension N equipped with a nondegen- 
erate symmetric form. Choose an integer m < N/2 and consider the Grassmannian 
OG = OG(m, N) parametrizing isotropic m-dimensional subspaces of V. Our aim 
in this paper is to prove a Giambelli formula that expresses the Schubert classes on 
OG as polynomials in certain special Schubert classes that generate the cohomology 
ring H*(OG,Z). When N = 2n + 1 is odd, this was the main result of [BKT2] : 
what is new here concerns the even case N = 2n + 2. 

The proof of our main theorem (Theorem ^ exploits the weight space de- 
composition of H*(OG(m, 2n + 2),Q) induced by the natural involution of the 
Dynkin diagram of type D„ + i. We require the Giambelli formula for odd orthog- 
onal Grassmannians from |BKT2j and a similar result for the (+l)-eigenspace of 
H*(OG(to, 2n + 2),Q), which is the subring generated by the Chern classes of the 
tautological vector bundles over OG. These ingredients combine to establish The- 
orem [2] thanks to a surprising new relation between the cohomology of even and 
odd orthogonal Grassmannians (Proposition [2]). 

Define nonnegative integers K and k by the equations 



K = N — 2m 




1 if is odd, 
if N is even. 



Observe that n + k = N — m — 1. An integer partition A = (Ai, . . . , X£) is k-strict 
if no part Ai greater than k is repeated. Let A be a fe-strict partition whose Young 
diagram is contained in an m x [n + k) rectangle. For 1 < j < m, let 

(1) pj(\) =N -m + j-Xj- #{i < j | Ai +Xj>K+j-i and \ t > k} , 

and notice that Pj(X) ^ n + 1 for every j and A. 
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An isotropic flag is a complete flag — Fo C F± C • • • C Fn = V of subspaces of 
V such that Fi = F^ whenever i + j = N. For any fixed isotropic flag F. and any 
fc-strict partition A whose Young diagram is contained in an m x (n + k) rectangle, 
we define a closed subset Y\ = Y\{F.) c OG by setting 

(2) Y\(F.) = {Ee OG | dim(S n > j for 1 < j < m} . 

If N is odd, the varieties Fa are exactly the Schubert varieties in OG. If N is even, 
and k is not a part of A, then Y\ is again a Schubert variety in OG. Otherwise, Y\ 
is a union of two Schubert varieties X\ and X' x , which will be defined below. The 
algebraic set Y\ has pure codimension |A| = J2^i an ^ determines a class [Y\] in 
H 2|A| (OG,Z). 

Consider the exact sequence of vector bundles over X = OG 

where Vx denotes the trivial bundle of rank N and S is the tautological subbundle 
of rank m. The Chern classes c p — c p (Q) of Q satisfy 



(3) 



[Y p ] if p < fc, 
2[Y p ] if p > fc. 



As in |BKT2) . we will express our Giambelli formulas using Young's raising 
operators [Y]. For any integer sequence a = (ai,a2, ■ ■ ■) with finite support and 
i < j, we define Rij(a) = ...,Oi + l,...,otj — 1, . . .). We also set c Q = Yii c on ■ 
If R is any finite monomial in the iiy's, then set Rc a = CR a ; we stress that the 
operator R acts on the subscript a and not on the monomial c a itself. Given a 
fc-strict partition A we define the operator 

(4) i? A =n(i-^) n a+^r 1 

\i+\j>K+j— i 

where the first product is over all pairs i < j and the second product is over pairs 
i < j such that Aj + Xj > K + j — i. Let Ifc(A) denote the number of parts A^ which 
are strictly greater than k. 

Theorem 1. For any k-strict partition A contained in an m x (n + k) rectangle, 
we have [Yx] = 2- e "^R x c\ in the cohomology ring of OG(m, N). 

When N is odd, Theorem [T] is the Giambelli formula for the Schubert classes on 
odd orthogonal Grassmannians from [BKT21 §2]; the result for even N is proved 
along the same lines. We next will refine Theorem [T] to obtain a Giambelli polyno- 
mial representing any Schubert class in the even orthogonal case. 

For the rest of this section, we assume that N = 2n + 2 is even, so that m — 
n + 1 — k and K = 2k > 0. Fix a maximal isotropic subspace L of V, i.e. with 
dim(L) = n + 1. Two maximal isotropic subspaces E and F of V are said to be 
in the same family if dim(£' OF) = n + 1 (mod 2). The Schubert varieties in OG 
are defined relative to an isotropic flag F, , and their classes are independent of this 
flag as long as F n+ \ is in the same family as L. 

A typed k-strict partition A consists of a fc-strict partition (Ai, . . . , A^) together 
with an integer type(A) £ {0, 1, 2}, such that type(A) > if and only if Xj = k for 
some index j. Let V(k, n) denote the set of all typed fc-strict partitions whose Young 
diagrams are contained in an m x (n + k) rectangle. Notice that Xj — k < Xj-i 
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if and only if Pj(X) = n + 2. For every A £ V{k,n), define the index function 

Pj =Pj( x ) b y 

I Pj(X) — 1 if Aj ; = k < Xj-i and n + j + type(A) is even, 
1p-(A) otherwise. 

According to BKT1 , for every isotropic flag F, we have a Schubert cell X x — 
X°(F.) in OG, defined as the locus of £ e OG such that dim(EnF l ) = #{j | Pj < i} 
for each i. The Schubert variety X\ is the Zariski closure of the Schubert cell X x . 
We let t\ = [X\] denote the corresponding Schubert class in H 2 ' A '(OG,Z); this 
class has a type which agrees with the type of A. 

We say that a fc-strict partition A has positive type if Aj = k for some index i. 
If the (untyped) fc-strict partition A has positive type, we agree that t\ = [X\] 
and t' x = [X' x ] denote the Schubert classes in H 2 ' A '(OG(m, 2n + 2)) of type I and 
2, respectively, associated to A. If A does not have positive type, then t\ = [X\] 
denotes the associated Schubert class of type zero. We then have that [Fa] = t\+t' x , 
if A has positive type, while [Y\] = t\, otherwise. 

The non-trivial automorphism of the Dynkin diagram of type D„+i gives rise to 
an involution t of OG, which interchanges X\ and X' x . This in turn results in a 
weight space decomposition 

(5) H*(OG, Q) = H*(OG, Q) 1 © H*(OG, Q)_ x . 

Proposition 1. The L-invariant subring o/H*(OG,Q) is generated by the Chern 
classes of Q and is spanned by the classes [Y\], i.e., 

H* (OG, Q)x = Q[ Cl (Q), . . . , c n+k (Q)] = Q • [Y x ] , 

A 

where the sum is over all k-strict partitions A contained in an my. (n + k) rectangle. 

There are certain special Schubert varieties in OG(m, 2n + 2), defined by a 
single Schubert condition, as the locus of E S OG which non-trivially intersect a 
given isotropic subspace or its orthogonal complement. The corresponding special 
Schubert classes 

(6) Tl, . . . ,T k -l,Tk,T' k ,T k +l, ■ . . ,T n+k 

are indexed by the typed fc-strict partitions with a single non-zero part, and generate 
the cohomology ring H*(OG, Z). We have type(rfc) = 1, type(r(.) = 2, and in this 
case equation ^ becomes 



(7) c p (Q) 



Set OG = OG(n - k,2n + 1) = OG(m - 1,N - 1). If the fc-strict partition 
A is contained in an (n — k) x (n + k) rectangle, let o~\ denote the corresponding 
Schubert class in H* (OG, Z) . Both H* (OG, Q) and H* (OG, <Q>) are modules over the 
ring Q[c] := Q[ci, . . . ,c n + k ], where the variables c p act as multiplication with the 
Chern classes of the respective quotient bundles on OG and OG. For any fc-strict 
partition A we let A + k denote the partition obtained by adding one copy of k to 
A (and arranging the parts in decreasing order). 
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Proposition 2. The linear map H*(OG,Q) -> H*(OG,Q)_i defined by a x i-> 
Tx+k — T \+k * s an isomorphism o/Q[ci, . . . , c n +k]-modules. Moreover, we have 

H*(OG,<J)_i = Q[cl,.. .,c n+k ] ■ (r k - r' k ) = 0Q- (r A+fe - r' x+k ) , 

x 

where the sum is over all k-strict partitions A contained in an {in — 1) x (n + k) 
rectangle, and 

Tx +k -r' x+k =2- e ^(T k -T^R x cx, 
where R x is defined by equation (U) with K — 2k + 1. 

The statement in Proposition [5] that the isomorphism of vector spaces 
(8) o x H> Tx+k - T x+k 

is also an isomorphism of Q[c]-modules is an apparently new relation between the 
cohomology of even and odd orthogonal Grassmannians. This result depends cru- 
cially on our convention for assigning types to Schubert classes on OG, which was 
introduced in |BKT1| . The convention was chosen in loc. cit. because it results in a 
relatively simple Pieri formula for products with the special Schubert classes. Our 
proof that (jSj) gives a Q[c]-module homomorphism is based on this Pieri rule; it 
would be interesting to expose a direct geometric argument. 

Theorem [T] and Proposition [2] imply our main result, a Giambelli formula which 
expresses any Schubert class tx in terms of the above special classes. Let R be 
any finite monomial in the operators Rij which appears in the expansion of the 
power series R x in (HJ). If type(A) = 0, then set R * c x — c RX - Suppose that 
type(A) > 0, let d = £ k (X) + 1 be the index such that A^ = k < Xd-i, arid 
set a = (ai, . . . , a^-i, otd+i, ■ ■ ■ , at) for any integer sequence a of length i. If R 
involves any factors Rij with i — d or j — d, then let R * cx = \ cr x ■ If R has no 
such factors, then let 

if type(A) = 1, 
if typc(A) = 2. 

Theorem 2 (Classical Giambelli for OG). For every A £ V(k,n), we have 

T X = 2~ ikW R x *cx 
in the cohomology ring of OG(n + 1 — k, 2n + 2). 

For example, consider the ring H*(OG(4, 12)) (where k = 2) and the partition 
A = (3, 2, 2). Then the Schubert class for A of type 2 is given by 

11 + Ki2 

= -(1 - 2R 12 + 2Rj 2 - 2R\ 2 ){1 - R 13 - R 23 + i?i 3 i? 23 ) * c 322 

= T 3 T 2 {T 2 + t' 2 ) - T A T 2 Tl + T 6 Tl - T3T1 + T4T3 - T 7 . 

We remark that in general, the Giambelli formula expresses the Schubert class Tx 
as a polynomial in the special Schubert classes ([6]) with integer coefficients. 

The small quantum cohomology ring QH(OG) is a g-deformation of the coho- 
mology ring H*(OG, Z) whose structure constants are defined by the three point, 
genus zero Gromov-Witten invariants of OG. Here q denotes a formal variable if 
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fc > 2, or a pair (91,92) of formal variables if k = 1. The quantum Pieri rule of 
[BKTlj implies that the ring QH(OG) is generated by the special Schubert classes. 
The following quantum Giambelli formula is the analogue of [BKT3 ( Thm. 2] in 
the even orthogonal case. 

Theorem 3 (Quantum Giambelli for OG). For every A 6 V(k,n), we have 

t x = 2~ ik{x) R x *c x 

in the quantum cohomology ring QH(OG(n + 1 — k, In + 2)). In other words, the 
quantum Giambelli formula for OG is the same as the classical Giambelli formula. 

As in [BKT2] . we will use raising operators to define a family of polynomials 
{H\} indexed by typed fc-strict partitions whose algebra agrees with the Schubert 
calculus in the stable cohomology ring of OG. Let x = (xi, X2, ■ • •) be an infinite 
sequence of variables and y — (t/i, . . . , j/fc) be a finite set of k variables. We define 
the functions q r (x) and e r {y) by the equations 

00 , 00 k k 

Ilr^f^E*'^ and n( 1+ ^) = E e ^ r 

i— 1 r—0 ^ — 1 r—0 

and set d r — $ r (x;y) = Y^i=o<lr-i(x)e-i(y) for each r > 0. (The d r will play the 
role of the Chern classes c r (Q).) Define rj r = -d r for r < k, r\ r = for r > k, 
and set r] k = \$ k + \e k (y) and i]' k = ±<& k - \e k {y) = \ Qk-i(x)ei(y). We call 

_B( fc ) = Z[rji, . . . , r/k-i, T]k, ti'u, T]k+li ■ ■ ■] the ring of eta polynomials. For any typed 
fc-strict partition A, define the eta polynomial 

(9) H x = 2-^i? A *tf A . 

The raising operator expression in @ is defined in the same way as the analogous 
one in Theorem [5J but using d r and i] k , r/' k in place of c r and T k ,r k , respectively. 

Theorem 4. The H\, for A a typed k-strict partition, form a 1-basis of B^ k \ 
There is a surjective ring homomorphism — > H*(OG(n+ 1 — fc, 2n + 2), Z) such 
that H\ is mapped to t\, if A fits inside an (n + 1 — fc) x (n + fc) rectangle, and to 
zero, otherwise. 

Furthermore, we prove that the eta polynomial H\(x;y) is equal to the type 
D Schubert polynomial D Wx (x, y) of Billey and Haiman |BH) indexed by the cor- 
responding fc-Grassmannian element w\ of the Weyl group of type D. A general 
theorem of loc. cit. shows that D wx can be written as a sum of products of type D 
Stanley symmetric functions and type A Schubert polynomials. Lam |Laj has shown 
that the type D Stanley symmetric functions are positive integer linear combina- 
tions of Schur P-functions, where the coefficients count Kraskiewicz-Lam tableaux. 
Using these results, we can express H\(x ; y) as an explicit positive linear combina- 
tion of products of Schur P-functions and S'-polynomials (Theorem [S]). A different 
expression for H\{x ; y), which writes it as a sum of monomials 2 n ( u \xy) u over all 
'typed fc'-bitableaux' U of shape A, is obtained in [T3j . 

This paper is organized as follows. Sections [1] and [H are concerned with the 
proof of Theorem [TJ Propositions [1] and [2] and Theorem [2] are proved in section [3] 
The quantum Giambelli formula (Theorem [3]) is established in section |4j where we 
also give a quantum version of Proposition [2l Section [5] develops the theory of eta 
polynomials and contains the proof of Theorem[U In section[6]we show that the eta 
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polynomials are equal to certain Billey-Haiman Schubert polynomials of type D, 
and give some applications. Finally, the appendix contains a detailed study of the 
Schubert varieties in orthogonal Grassmannians which justifies our claims about 
the spaces Y\, and corrects a related error in |BKT1| . 

This project was completed in part during stays at the Hausdorff Research In- 
stitute for Mathematics in Bonn and the Forschungsinstitut Oberwolfach in 2011; 
we thank both institutions for their hospitality and stimulating environments. We 
are grateful to Vijay Ravikumar for pointing out that the definition of the Schubert 
varieties in [BKT11 §3.1] and an earlier version of this paper is mistaken. 



In this section we let the integer N have arbitrary parity and work in the coho- 
mology ring H*(OG(m. N),Z). Recall that the integer K = N — 2m is equal to 2fc 
or 2k + 1. Let c p — c p (Q) be the p-th Chern class of the universal quotient bundle 
Q over OG and define Y\ C OG as in the introduction. We will formulate a Pieri 
rule for the cup products c p ■ [Y\] in H*(OG, Z). 

We identify each partition A with its Young diagram of boxes. Given two Young 
diagrams /i and v with fi C v, the skew diagram v / fi is called a horizontal (resp. 
vertical) strip if it does not contain two boxes in the same column (resp. row). We 
say that the boxes [r, c] and [f',c'] in row r (resp. r') and column c (resp. c') of A 
are K -related if c < k < c' and c + c' = K + 1 + r — r' . This notion also makes 
sense for boxes outside the Young diagram of A. 

For any two fc-strict partitions A and /x, we write A —¥ fi if y, may be obtained 
by removing a vertical strip from the first k columns of A and adding a horizontal 
strip to the result, so that 

(1) if one of the first k columns of /i has the same number of boxes as the same 
column of A, then the bottom box of this column is fC-related to at most one box 
of fj, \ A; and 

(2) if a column of /i has fewer boxes than the same column of A, then the removed 
boxes and the bottom box of /i in this column must each be -ftT-related to exactly 
one box of /i \ A, and these boxes of fi \ A must all lie in the same row. 

Let A be the set of boxes of [i \ A in columns k + 1 and higher which are 
not mentioned in (1) or (2), and define 7V(A,/i) to be the number of connected 
components of A. Here two boxes are connected if they share at least a vertex. 

We say that a fc-strict partition A has positive type if A; = K/2 for some index 
i (note that this can only happen if K is even, so equal to 2fc). Given two fc-strict 
partitions A and \i with A — > /i, define 



For any fc-strict partition A and any integer p > 1, the multiplication rule 



1. The Pieri rule for Chern classes 




iV(A, fi) + 1 if A has positive type and fi does not, 
N(X, ri) otherwise. 



(10) 






A— — | A|+p 



holds in H*(OG,Z). Indeed, when N is odd, (fTQ|) is equivalent to the Pieri rule 
for odd orthogonal Grassmannians from BKT1, Thm. 2.1]. When N is even, the 
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result follows easily from the Pieri rule for even orthogonal Grassmannians |BKT1[ 
Thm. 3.1], which is recalled in Sj3] 

For any fc-strict partition A contained in an m x (n + k) rectangle, define a class 
W\ in the cohomology ring of OG(m, N) by 

W x = 2- ikW R x c x . 

The next result extends [BKT2, Eqn. (14)] to include the even values of N. 

Theorem 5. We have 

(11) c p -W x = ^ M W„ 

X^fj,, \fj,\=\X\+p 

in H*(OG, Z). In other words, the cohomology classes [Y x ] and W x satisfy the same 
Pieri rule for products with the Chern classes of Q. 

Observe that Theorem 1 follows easily from Theorem[5j To see this, write \i >- A 

if /i strictly dominates A, i.e., \i ^ A and /ii +• • ■ + > Ai H h Ai for each i > 1. 

It follows from (TOI) and (JTTJ) that 

2 ^W Wx + ^ W M = c Xl • • ■ c Xl = 2^[Y X ] + £ a x , [Y^] 
fj.yx n>-\ 

for some constants a Xfl € Z. Using this and induction on A, we deduce that W x = 
[Y x ], for each fc-strict partition A. We will prove Theorem[5] (and hence also Theorem 
1) in the following section. 

2. Proof of Theorem [5] 

Our proof of Theorem [5] is almost identical to the proof of [BKT2[ Eqn. (14)]. 
We will not repeat the arguments of loc. cit. here, but will give an overview of the 
proof, pointing out where it needs to be modified to include the even case K = 2k. 

2.1. If A is any sequence of (possibly negative) integers, we say that A has length 
£ if Ai = for all i > I and I > is the smallest number with this property. All 
integer sequences in this paper have finite length. In analogy with Young diagrams 
of partitions, we will say that a pair [i,j] is a box of the integer sequence A if i > 1 
and 1 < j < Aj. A composition a — (ai, a2, . . . , a r , . . .) is a sequence of integers 
from the set N = {0, 1,2,.. .}; we let \a\ — a i- 

Let A = {(i, j) 6 N x N | 1 < i < j} and define a partial order on A by agreeing 
that (i',j') < if %' < i and j' < j. We call a finite subset D of A a valid set 
of pairs if €E D implies G D for all (i',j r ) G A with (i',f) < (i,j)- An 

outer corner of a valid set of pairs D is a pair (i, j) G A \ D such that D U (i, j) is 
also a valid set of pairs. 

Definition 2.1. For any valid set of pairs D, we define the raising operator 

^ = 11(1-^) n a + ^-r 1 - 

i<j i<j:(i,j)£D 

For any finite monomial R in the -R^'s which appears in the expansion of R D , 
and any integer sequence A, we let Rc x = cr X . We define the element T(D,X) in 
H*(OG(to,7V),Z) by the formula 

T{D,X)^2-*^^ eD ^ R D c x . 



s 
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It follows from [BKT11 Thms. 2.2 and 3.2] that the Chern classes c r satisfy the 
relations 

( 12 ) T 7 c (r-r) = 4 + 2 Y{-l) l c r+l c M = forr>fc. 

The next three lemmas are proved using the relations (|12[) in the same way as their 
counterparts in [BJKT2J Lemmas 1.2-1.4]. 

Lemma 2.2. Let A = (Ai, . . . , Aj_i) and /i — . . . , fJ-i) be integer vectors. 

Assume that + 1) ^ D and that for each h < j, (h,j) 6 D if and only if 
(h,j + 1) G D. Then for any integers r and s we have 

T(D, (A, r, s, n)) = —T(D, (A, a - 1, r + 1, fi)) . 

In particular, T(D, (A, r, r + 1, fi)) = 0. 

Lemma 2.3. Let A = (Ai, . . . , Aj_i) and fi — (/ij+a, • • • j Hi) be integer vectors, 
assume + 1) £ fl, and that for each h > j + 1, (j,h) S D if and only if 
( j + 1, h) £ D. If r, s G 1 are such that r + s > 2k, then we have 

T(D,(X,r,s,fi)) = —T(D, (A, s, r, fi)) . 

In particular, T(D, (A, r, r, fi)) = for any r > k. 

Lemma 2.4. // {i,j) ^ D and D U is a valid set of pairs, then 

T(D, A) = T(D U (i, j), A) + T(D U | /../ ;. //, , A :. 

2.2. Throughout the rest of this section we fix K , p > 0, and the fc-strict partition 
A of length L We will work in the ring H*(OG, Z), where OG = OG(m, 2m + K) 
for a sufficiently large integer m. Define a valid set of pairs C — C(A) by 

C(A) = {(i,j) e A | Aj + Xj > K + j -i, Ai > fc, and j < £}. 

Notice that W\ = T(C, A). For any d > I define the raising operator R\ by 

R x d = n n a+^-r 1 - 

l<i<]<d i<j:(i,j)eC 

We compute that 

t 

c P -W x =c p - 2~^R X c x = 2- e ^R x t+1 ■ - Rij+i)- 1 c A , p 

i=l 

I 

= 2- e ^R x +1 • + R l4+1 + Rl >i+1 + ■■■) c A , p 

i=l 

and therefore 

(13) c p -T(C,X)= Y, T iCv), 

where N = Af(X,p) is the set of all compositions v > A such that \v\ = \X\ + p and 
Vj = for j > I + 1. 
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2.3. We will prove that the right hand side of equation (|T3j) is equal to the right 
hand side of the Pieri rule (fTTj) . thus proving Theorem [5] For the rest of this section 
we set to = ^fe(A) + 1, i.e. m is minimal such that X rn < k. We call m the middle 
row of A. 

Definition 2.5. A valid 4-tuple of level ft is a 4-tuple ip — (D, /i, S,h), such that 
ft is an integer with < ft < £ + 1, D is a valid set of pairs containing C, all 
pairs in _D satisfy i < m and j < I + 1, S 1 is a subset of D \ C, and /j is 

an integer sequence of length at most £ + 1. The evaluation of ijj is defined by 
ev (V0 = T(£>, /j) e H*(OG,Z). 

In the following we set /io = oo whenever /i is an integer sequence. 

Definition 2.6. For any y £ Z we let r(y) denote the largest integer such that 
r(y) < £ + 1 and A rfe) _! > K + r(y) - y. 

We have the relation C = <E A | j < r(i + Aj + 1) and A, > k}. Notice 

also that r(m + k) = m while 



Definition 2.7. Let h G N satisfy 1 < h < m and let /i be an integer sequence. 

(a) We define bh — r(h + \h + 1) and gh — By convention we set g\ = £ + 1. 

(b) Set i?(/j) = {[i, c) £ /I \ A | c > k and fi r U+c) < K + r(i + c) — i — c} . 

(c) Assume that ft, > 2 and fih > Afe_i. If [h, Xh-i] £ ^(a*) then set e/j(/i) = A/j_i. 
Otherwise, if ft, < m (respectively, if ft, = m) choose e^(/i) > A/j (respectively, 
e/i(A*) > minimal such that [ft,c] ^ i?(A*) for e/j(/i) < c < Aft_i. Finally, set 
fh(fJ-) = r(h + e h (n)). 

If A* is a fc-strict partition such that A — > /i, then the set A from SJT] consists of 
the boxes of /i \ A in columns k + 1 and higher which are not in R(fJ.). For a general 
sequence fx, when [ft, \h-i] ^ R(^), the integer e/ l (/x) is the least such that e/ t (/i) > 
if/2, (e/j(/i),Ah) is a fc-strict partition, and [ft,, c] ^ for eu{y) < c < A/,_i. 

If we are given a fixed valid 4-tuple {D, fj,, S, ft) with 1 < ft < m, we will use the 
shorthand notation b — b^, g = gh, R = ^(a*)j e — e h(fJ-), and / = fh(p)- 

Definition 2.8. Let £ A be arbitrary. We define two conditions W(«, j) and 
X on a valid 4-tuple (D, /i, S, ft) as follows. 

W(i,j) : a 4 ; + A*j > K + j — i and /ii > fc- 

Condition X is true if and only if (ft, ft) e D and 

A*/i > Mh-i or > Aa_i or (/x/j = Ah-i and (ft, f) £ S) . 

2.4. The following substitution rule will be applied iteratively to rewrite the right 
hand side of (fT"3|) . Both this rule and the algorithm which follows it are identical 
to the one in |BKT2[ §3.3], but we recall them here for the sake of exposition. 



Let (D, /j,, S, ft) be a valid 4-tuple of level ft > 1. Assume first that (ft, ft,) ^ D. If 



(14) 




Substitution Rule 



(i) there is an outer corner (i, ft) of D with i < m such that W(i, ft) holds 
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then REPLACE (D, /z, S, h) with 

(DU (i,h),fi,S,h) and (D U (i,h),Rih(J>, S U (i,h),h). 

Otherwise, if 

(ii) D has no outer corner in column h and fih > A/j-i, 

then STOP. 

Assume now that (h, h) £ D. If 

(iii) there is an outer corner (h,j) of D with j < £ + 1 such that W(h,j) holds, 

then REPLACE (£>, fj,, S, h) with 

(DU(h,j),fJ,,S,h) and (DU (h,j),R h jH,S U (h,j),h) if it;, < A^-i, 
(£> U (h,j),R hj n, S U (h,j),h) if /ij > 

Otherwise, if 

(iv) W(h,g) or X holds, and D has an outer corner with i < h, 

then REPLACE (£>, /i, 5, /i) with 

(DU(i,g),fx,S,h) and (U U (i, g), R igf x, S U (i,g),h). 

Otherwise, if 

(v) X holds, 

then STOP. 

If none of the above conditions hold, REPLACE (D, fi, S, h) with (D, it, S, h—1). 

2.5. Dehne the set * = {(C,v,®,£ + 1) \ v eAf(\,p)}, so that ^ eV ev(^>) agrees 
with the right hand side of (fl3|) . Consider the following algorithm which will change 
'J by replacing some 4-tuples with one or two new valid 4-tuples. The algorithm 
applies the Substitution Rule to each element (D, fi, S, h) of level h > 1. If the sub- 
stitution rule results in a REPLACE statement, then the set is changed by replacing 
(D, /i, S, h) by one or two new 4-tuples accordingly; otherwise the substitution rule 
results in a STOP statement, and the 4-tuple (D,/i, S, h) is left untouched. These 
substitutions are iterated until no further elements can be REPLACED. 

Suppose that the 4-tuple tp = (D, ix, 5, h) occurs in the algorithm. If tjj is replaced 
by two 4-tuples rpi and ip2, then it follows from Lemma \2. 41 that ev(-0) = ev(-0i) + 
ev(ip2)- Moreover, if ip meets (iii) and is replaced by the single 4-tuple ip' = 
(DU (h,j), Rhj/J'-, SU {h,j), h), then one can show that fij = fij-i + 1 and DU (h,j) 
has no outer corner in column j, so Lemmas 12.21 and 12 .41 imply that ev(-0) = ev(^'). 

When the algorithm terminates, let \l/o (respectively ^>i) denote the collection 
of all 4-tuples (D, /x, S, h) in the hnal set such that h = (respectively h > 0). We 
deduce from the above analysis that 

veN i>e*o i/'S*! 
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Claim 1. For each 4-tuple ift — (D,fi,S,0) in with /i^+i > 0, \i is a fc-strict 
partition with A — > /x, 

D = Cj> +1 (pL) := G A | fj,i + (ij > K + j -~ i, fM> k, and j < 1 + 1} 

is uniquely determined by /x, and ev(ip) — T(C(/j), fi). Furthermore, for each such 
partition /z, there are exactly 2 N ( X '^ such 4-tuples ift, in accordance with the Pieri 
rule (ITT1) . 

Given a valid 4-tuple ift — (D, fx, S, h) with h > 2 and /i/, > A/j_i, we define 
a new 4-tuple Lift as follows. If (/i, h) £ D, then set Lift — (D,Jl,S,h), where the 
composition /x is defined by Jlh~i = fJ-h ~ 1) Mfc = Mft-i + Ij and Mt = A*t for 
t {h — l,h}. If (h,h) G -D and fih-i = M/,, then set Lift = ift. Assume that 
(h, h) G D and (ih-i Vh- Let be the involution of A that exchanges (h — l,g) 
with (h, /), and fixes all other pairs. Then set Lift = (D, ju, S, h), where S — w(S), 
and Jl is the composition obtained from fi by switching the parts (ih-i and fj,^. 

Claim 2. The above map l restricts to an involution — > such that ev(ift) + 
ev(i(i/>)) = 0, for every ift £ <I' 1 . 

We remark that the 4-tuples ift £ with /i£+i < evaluate to zero trivially, 
by Definition 12.11 the two claims therefore suffice to prove Theorem [SJ The proofs 
of these claims are nearly identical to the ones in BKT2, §4], replacing the value 
2k + 1 by K throughout. The following explicit construction of the sets S in the 
4-tuples which appear in accounts for the multiplicities iV(A,/x) in Claim [TJ 

Fix an arbitrary fc-strict partition fj, such that A — > fi and \/j,\ = |A| + p. Recall 
the set A of and define a new set A by 

~ = |AU{[m,fc]} if A m = K/2 < fj, m , 
1 A otherwise. 

A component means an (edge or vertex) connected component of the set A. We 
say that a box B of A is distinguished if the box directly to the left of B does not 
lie in A. We say that B is optional if it is the rightmost distinguished box in its 
component. Using (TT4"1) . we deduce that N(X,/j,) is equal to the number of optional 
distinguished boxes in A. 

To each distinguished box B — [i,c] we associate the pair (i,j) — (i,r(i + c)). 
The inequality Aj_i > K + i — (i + c) implies that i < j, so (i,j) G A. Let E 
(respectively F) be the set of pairs associated to optional (respectively non-optional) 
distinguished boxes. We furthermore let G be the set of all pairs G A for which 
some box in row i of fi \ A is if-related to a box in row j of A \ fi. 

Suppose that (Ce+i(fj,), n, S, 0) G "Jo and (i, j)eS \ G. Then one can show that 
(i,j) is the pair associated to a distinguished box of A. For the last statement, 
observe that if i = j = m, then A m < K/2 < \x m and (m, m) is associated to the 
distinguished box [m, fc+1] G A (respectively, [m, k] G A) if A m < K/2 (respectively, 
A m = K/2). To every subset E' of E we associate the set of pairs S(E') :— 
E' U F U G. This is a disjoint union, and there are exactly 2 N ^'^ sets of this 
form. Let S C A be any subset. Then one may prove as in |BKT2[ §4] that 
(C i+ i(p), (j,, 5, 0) G * if and only if S = S(E') for some subset E' C E. 
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3. The classical Giambelli formula 

In this section we prove Propositions Q] and [2] and Theorem [2] of the introduction. 
Throughout the section we will be in the even orthogonal case where K = 2k. We 
assume that k > 0, however all of our results about the cohomology of OG(n + 1 — 
k, 2n + 2) also hold when k = 0, provided that in the latter case OG parametrizes 
both families of maximal isotropic subspaces, and hence is a disjoint union of two 
irreducible components. 

3.1. The Schubert classes t\ for all typed fc-strict partitions A whose diagrams 
are contained in an to x (n + k) rectangle form a Z-basis of H*(OG(m, N), Z). 
For typed fc-strict partitions A and fi, we write A — > fi if the underlying fc-strict 
partitions satisfy A — > fi (with K = 2k) and furthermore type(A) + type(/i) 3. 
According to |BKT1| Thm. 3.1], the following Pieri rule holds in H*(OG,Z). For 
any typed fc-strict partition A and any integer p > 1, we have 

(15) c p -r A = J2 2JV(A ' M) V 

3.2. In the sequel we will have to work both with fc-strict and with typed fc-strict 
partitions. We will therefore adopt the following conventions for use with Schubert 
classes and (later) representing polynomials indexed by such objects. If the fc-strict 
partition A has positive type, we agree that t\ and t' x denote the Schubert classes 
in H*(OG,Z) of type 1 and 2, respectively, associated to A. If A does not have 
positive type, then t\ denotes the associated Schubert class of type zero. 

For any fc-strict partition A, we define a cohomology class t\ € H 2 ' A '(OG,Z) by 
the equations 



(16) ?x 




if A has positive type, 
otherwise. 



Let Q[c] denote the Q-subalgebra of H*(OG(m, N), Q) generated by the Chern 
classes c p for all p > 1. 

Recall from the introduction that for each fc-strict partition A contained in an 
to x (n + k) rectangle, we have a Zariski closed subset Y\ of the even orthogonal 
Grassmannian OG(n + l — fc, 2n + 2), defined by the equations ©. See the appendix 
for a proof that if A has type zero, then Y\ is the Schubert variety X\ in OG, and 
otherwise Y\ has two irreducible components, which are the Schubert varieties X\ 
and X' x . We deduce that the cohomology class [Fa] in H 2 ' A '(OG,Z) is equal to r\, 
for each such A. The Pieri rule (|15l) therefore implies that the classes [Y\] satisfy 
the rule (fTO)) . Proposition [T] follows directly from these observations. 

We next prove Proposition [2] For any fc-strict partition A, define a class t\ in 
H 2|A| (OG, Z) by the equations 



(17) r A 



t\ — t' x if A has positive type, 
otherwise. 

The Pieri rule (|15[) implies that for any p > 1 , we have 

Ea->m ImMIai+p 2^'") f M if A has positive type, 



(18) c p ■ T X 



j\— >fj,, \fj,\ = \X\+p A 1 

otherwise. 
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The positivity of the coefficients in this formula is a consequence of the type con- 
vention for Schubert classes introduced in |BKTlj . 
Consider the Q-linear map 

i> : H*(OG(m- 1,JV-1),Q) -> H*(OG(m, N), Q)_i 

defined by ip(cr\) = r x+k for each fc-strict partition A contained in an (to— 1) x (n+k) 
rectangle. By comparing ([T8j) with ifTOj) for K = 2k + 1, we obtain ip(c p ■ a x ) = 
c p ■ ip(a\). We deduce that tp is an isomorphism of Q[c]-modules, and that 

H*(OG, Q)_! = Q • (r x+k -r' x+k )=Q[ Cl ,..., c n+k ] ■ (r k - r' k ). 

A 

Next, use Theorem[T]to expand a x € H*(OG(m — 1, N— 1)) as a Giambelli poly- 
nomial in the Chern classes of Q. By mapping this equation to H*(OG(m, N),Q)-i 
via i\) and using the fact that tp(l) = Tk — tL, it follows that 

(19) r A+fe - r' x+k = 2-^ x \r k - r' k ) R x c x , 

where R x denotes the operator defined by formula ^ with K — 2k + 1. This 
completes the proof of Proposition [2J 

Let A be a fc-strict partition contained in an m x (n + k) rectangle, and let R 
be a finite monomial in the operators Rij that occurs in the expansion of R x . If A 
does not have positive type, then set R o c\ — 0. If A has positive type, then set 
d = £ k (X) + 1, so that Xd — k < Xd-i- If R contains any operator Rij for which i or 
j is equal to d, then set Roc x =0. Otherwise define Roc x = (r k —r k ) cg^, where 
a = (at, . . . , ad-t, ctd+i, ■ ■ ■)■ Equation (fl9|) is then equivalent to the identity 

(20) t x = 2- ikW R x o c x . 

Now observe that for any typed fc-strict partition A 6 V(k,n) and monomial R 
we have 

(Rc x iftype(A) = 0, 

(21) R*c x = < \Rc x + \Roc x iftype(A) = l, 

\\Rc x - \Roc x iftype(A) = 2. 

Theorem [5] follows by combining Theorem [TJ equations (|2U| and (|21l) , and the 
identity 

f t x if type(A) = 0, 

(22) t x = <(t X + t x )/2 if type(A) = 1, 

[(ta-ta)/2 iftype(A)=2. 

Note that we have ignored the type of A in the expressions Rc x , Roc x , t x , t x which 
appear on the right hand sides of equations (|2Tj) and (|22l) . 

4. The quantum Giambelli formula 

4.1. Quantum cohomology of orthogonal Grassmannians. As in the intro- 
duction, we consider the orthogonal Grassmannian OG = OG(to, N) with N = 
2m + K, where K > 2. When K ^ 2, the quantum cohomology ring QH(OG) is 
a Z[q]-algebra which is isomorphic to H*(OG) ®z Z[q] as a module over Z[q]. The 
degree of the formal variable q is n + k. When K = 2, QH(OG) is a Z[gi,g2]- 
algebra, we have QH(OG) = H*(OG,Z) <g>z ^[qt, 92] as a 1\qi, g2]-niodule, and 
deg(gi) = deg(<7 2 ) = n + 1. In both cases, we set QH(OG, Q) := QH(OG) ® z Q. 
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We first correct an error in the definition of v given in |BKT1| §3.5], which 
appears in the quantum Pieri rule |BKT1| Thm. 3.4]. In the first paragraph of 
BKT1, §3.5], v should be obtained from v by removing the first row of v as well as 
n + k — v\ boxes in the first column, i.e. v = (i>2, ^3, . . . , v r ), where r = v\ — 2k + 2. 

We next recall some further definitions from BKT1 , using a more uniform nota- 
tion. Let P(m, N) denote the set of all fc-strict partitions contained in an m x (n+k) 
rectangle. For A £ P(m, N) we let A* = (A2, A3, ... ) be the partition obtained by 
removing the first row of A. Let P'(m,N) be the set of fc-strict partitions v con- 
tained in an (m+ 1) X (n+ k) rectangle for which l(v) = m + 1, v\ > K — 1, and the 
number of boxes in the second column of v is at most v\ — K + 2. For each element 
v G P'(m,N), we let v £ P(m,N) denote the partition obtained by removing the 
first row of v as well as n + k — v-y boxes from the first column. That is, 

v = {v2 1 ^3, . . . , v r ) , where r = V\ — K + 2. 

For each fc-strict partition A £ P(m, N), we define Y\ C OG as in the introduc- 
tion and let [Y\] denote the corresponding class in QH(OG). For odd integers N, 
we set <j\ = [Y\], while for even N, we let r\ and fx denote the classes in QH(OG) 
defined by the equations (fH)|) and ([17]). We proceed to describe the products of 
these classes with the Chern classes c p = c p (Q). 

Assume first that K > 3. The following quantum Pieri rule for Chern classes 
is a direct consequence of jBKTll Thms. 2.4 and 3.4]. For any A S P(m,N) and 
integer p £ [1, n + k], we have 

(23) c p • [Y X ] = £ 2^ A >^ [Yfj] + 2" {X>U) m Q + E 2*( A *^) [Y p *] q 2 . 

A— A— >v A*— ¥p 

Here the first sum is classical, the second sum is over v £ P'(rn, N) with A — > v and 
\v I = |A| +j>, and the third sum is empty unless Ai — n + k, and over p £ P(m, N) 
such that (01=71 + fc, A* — > p, and |p| = |A*| + p. 

Suppose now that K > 4 is even. Then the quantum cohomology ring QH(OG, Q) 
has a decomposition 

QH(OG, Q) = QH(OG, Q)i © QH(OG, Q)_ x 

where QH(OG,Q)i (respectively QH(OG,Q)_i) is the Q[(;]-submodule spanned 
by the classes f\ (respectively fx). This is the eigenspace decomposition for the 
action of the involution t : OG — > OG defined in the introduction. Set OG = 
OG(m — 1,N — 1). Proposition [2] has the following generalization. 

Proposition 4.1. The Q-linear map QH(OG, Q) ->■ QH(OG,Q)_i de/i«ed by 

ox q d i-> ta+& (-q) d 
is an isomorphism of Q[ci, . . . , c n +fc] -modules. 

Proof. We argue as in the proof of Proposition [2] given in §3.21 using (|23|) and the 
quantum Pieri rule for the products c p ■ tx obtained from [BKT1[ Thm. 3.4]. □ 

Observe that (|23|) and Proposition 14.11 determine the products c p ■ fx in QH(OG) 
for all p > 1 and even K > 4. 

Assume next that _ftT = 2, so that fc = 1 and m = n. Set q = qi + q2 and 
q = q\ — q2. The following results are direct consequences of [BKT1, Thm. A.l]. 



A GIAMBELLI FORMULA FOR EVEN ORTHOGONAL GRASSMANNIANS 



15 



For A G P(n, 2n + 2) and p G [l,n + 1] such that p ^ 1 or A ^ (l n ), we have 
(24) c p -? x = ^2^)? Al +^2^)- 1 (?,g-f^)+ ]T 2^"»T„.g 1 g 2 , 

A— >/i A— >f A*— >p 

where the first sum is classical, the second sum is over v G P'(n,2n + 2) with 
A — > v and \v\ = |A| + p, and the third sum is empty unless Ai = n + 1 and over 
|0 G P(n, 2n + 2) such that p x = n + 1, A* ->■ p, and |p| = |A*| +p. 

If A G P(n - l,2n+ 1) and p e [l,n+ 1] with p ^ lor (l™ -1 ), we have 

c p ■ r (Ail) = £ 2*<*-"> f ( ,,i) + £ 2^)- 1 (f (?>1) g - f(* (1) ?) 

(25) 

A*^p 

where the first sum is classical, the second sum is over v G P'(n — 1, 2n + 1) with 
A — s> v (for if = 3) and = |A| +p, and the third sum is empty unless Ai = n + 1 
and over p G P(n — l,2ra + 1) such that p\ = n + 1, A* — > p (for K = 3), and 
\p\ = |A*| +p. Moreover, the integers N(\,fi), N(X,u), and N(X*,p) are computed 
for K = 3. 

Finally, we have 

, 0(a ~ J 2f n+ i +2f( 2> i»-i) +? ifn>l 

(26) ci • Tfi"-) = < _ _ 

1 J \2f n+1 +g ifn=l 

and 

(27) ci -t^ = 2t(2,i»-i) + <?• 

Remark 4.2. Proposition |4~T1 is valid for X = 2 and OG = OG(n,2n + 2) if the 
quantum cohomology ring of the latter space is replaced with QH(OG, Q)/(gi — g 2 ), 
with q := qi = g 2 . Similarly, equation (f2"3"|) is valid in this quotient ring, except for 
the product c\ ■ Tnny This product is special because it is the only one that can 
produce a partition v G P'{n, 2n + 2) such that v has positive type but v does not 
have positive type. 

4.2. The stable cohomology ring of OG. The stable cohomology ring of the 
orthogonal Grassmannian OG(m, N) depends only on K = N — 2m, and is denoted 
H(OGif ). The ring H(OGk) is defined as the inverse limit in the category of graded 
rings of the system 

••• <- H*(OG(m,iV),Z) <-H*(OG(m + l,iV + 2),Z) < 

We set H(OG fe (odd)) := H( OG 2fc+ i ) and H (OG fc (even)) := H(OG 2fe )- The ring 
H(OG fc (odd)) was studied in |BKT21 IBKT3] . 

It follows from [BKT11 Thm. 3.2] that H(OGfe(cvcn)) may be presented as a 
quotient of the polynomial ring Z[ri, . . . , 7fc_i, Tfc, r^, Tfe+i, . . .] modulo the relations 

r 

(28) r r 2 + ^(-lJV.-.HCr-* = for r > k, 

i=l 

k 

(29) T kT ' k + ^(-l)V fe+J r fe _ 4 = 0, 

i-l 

where the a obey the equations (0. 
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The stable cohomology ring H(OGfc(even)) has a free Z-basis of Schubert classes 
t\, one for each typed fc-strict partition A. There is a natural surjective ring homo- 
niorphism 

H(OG fc (even)) -> H*(OG(n + 1 - k, 2n + 2),Z) 

that maps t\ to T\, when A G V{k,n), and to zero, otherwise. All the conclusions 
of $3] remain true for the ring H(OGfe(even)), with no restrictions on the size of the 
(typed) fc-strict partitions involved. 

4.3. Proof of Theorem [3j We first generalize two results from [BKT3 . 

Lemma 4.3. Let X be a k-strict partition contained in an m x [n + k) rectangle. 
Then the stable Giambelli polynomial R x c\ for [Y\] in W(OGk) involves only Chern 
classes c p with p < 2n + 2k — 1. 

Proof. The proof is the same as that of [BKT31 Cor. 1]. □ 

For any abelian group A, let Aq = A ®z Q. 

Proposition 4.4. Let X be a k-strict partition. Then there exist unique coefficients 
a p.ti £ Q for p > Ai and (p, /j) a k-strict partition, such that the recursive identity 

p>Ai fj, : (p,fi) fc-strict 

holds in the stable cohomology ring H(OG#-)q- Furthermore, a Ptfx = whenever 
fi (jL X* , or when X is contained in an m x (n + fc) rectangle and p > 2n + 2k. 

Proof. The proof is the same as that of [BKT31 Prop. 3]. □ 

Next, we give the even orthogonal analogue of [BKT31 Prop. 5]. If A is a fc-strict 
partition of positive type, we let A — fc denote the partition obtained by removing 
one part equal to k from A. 

Proposition 4.5. There exists a unique ring homomorphism 

tt : H(OG fe (even)) ->• QH(OG(n + 1 - fc, 2n + 2)) 

such that the following relations are satisfied: 

if 1 < i < n + fc, 
if n + k < i < 2n + 2k, 
if i is odd and i > 2n + 2k, 

Furthermore, we have tt(t\) = t\ for each X € V{k,n). 

Proof. The relations (12"51) - (|2T)1) for r > n + k uniquely specify the values 7r(Tj) 
for even integers i > 2n + 2k. We must show that the remaining relations for 
fc < r < n + fc are mapped to zero by tt. When fc < n — 1 the individual terms in 
these relations carry no q correction. It remains only to consider the case fc = n — 1 , 
and OG = OG(l,2n + 2) is a quadric. The relation in degree 2n is treated in 
BKT1. Thms. 3.5, A. 2], and the other relations are handled similarly, with the 
expression in degree 2r (n < r < 2n — 1) yielding a coefficient of qc2( r - n )+i of 
1-2 + 2 ±2 + 1 = 0. 



ir(n 



<r' k ) = 
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Let A be any fc-strict partition contained in an (n + 1 — k) x (n + k) rectangle. 
It follows from Proposition 14.41 that 

(30) f a = ^2 a Pill c p 9^ 

\ 1 <p<2n+2k, ^tCA* 

holds in H(OGfc(even))nj. If A has positive type, then Proposition 14.41 applied to 
OG(n — k, 2n + 1) also gives 

(31) &\-k = J2 a 'p^ c P a v 

in H(OGfc(odd))(j. Using Proposition 03 equation (|31[) implies that 

(32) tx = ^2 a p,A« c p Vf* 

holds in H(OGfe(even))(j. Observe that we have /i C (A - k)* for each partition \i 
appearing in the sum ([52]). and hence also /x + fc C A*. 

To prove that tt(t\) = t\, it is enough to show that tt(t\) = t\ and tt(tx) = t\. 
We argue by induction on t(X), the case £(X) = 1 being clear. When A has more 
than one part, we apply the ring homomorphism ir to both sides of (|30[) and (|32j) 
and use the inductive hypothesis to show that 

""(ta) = X! a p,^ c p ? m and ""(^a) = X! a' p4i Cp T^+k 

hold in QH(OG(n + 1 - k, 2n + 2),Q). The quantum Pieri rules of JO imply 
that none of the products appearing in these sums involve q correction terms. 
Specifically, when K > 3 this follows from (|23]l and Proposition l4.il while the case 
K = 2 uses ([211), dHJ), (HI, and ([27]). This completes the proof. □ 

Theorem [3] follows immediately from Proposition 14.51 and Lemma 14.31 

5. Eta Polynomials 

5.1. Given any power series J2i>o Ci ^ m t ne variable t and an integer sequence 
a = (a%, c*2, ■ ■ ■ , Oil), we write c a = c ai c a2 ■ • ■ c aiL and set Rc a — CR a for any raising 
operator R. We will always work with power series with constant term 1, so that 
c = 1 and Cj = for i < 0. 

Let x — {x\, X2, ■ ■ •) be a list of commuting independent variables and let A = 
A(x) be the ring of symmetric functions in x. Consider the generating series 

oo oo 

Y[(l + x t t)=^2e r {x)t r 

1=1 r=0 

for the elementary symmetric functions e r . If A is any partition, let A' denote the 
partition conjugate to A, and define the Schur S'-function s\> (x) by the equation 

Moreover, define the functions q r (x) by the generating series 

OO , oc 

i=l 1 r=Q 
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and let T = Z[gi,<?2, • • •]■ Given any strict partition A of length i(X), the Schur 
Q-function Q\(x) is defined by the equation 

and the P-function is given by P\(x) = 2~ e ( x ) Q\(x). 

Fix an integer k > 1, let y = (yi, . . . , yu) and K y — Z[yi, . . . , yk] Sk ■ For each 
integer r, define d r = d r (x; y) by 

«?r = /,Qr-i(x)ei(y). 

i>0 

We let T y = T ®z A y and be the subring of T y generated by the i? r : 

rw =z[i?i,i?2,<?3,...]. 

According to (BKT21 (19)], we have 

r 

(33) ^ + 2^(-l) i i? r+i i? r _ i = e l .(i, 2 ) 

i=l 

for any integer r, where y 2 denotes (y 2 , . . . , y 2 .). 

Proposition 5.1. TTie $\ for A a strict partition form a free A y -basis ofT y . 

Proof. It is known e.g. from (MJ 111.(8.6)] that the q\(x) for A strict form a Z-basis 
of r, and therefore also a A y -basis of T y . Since 

$\(x ; y) = q\{x) + qx- a (x)e a (y) 

a=£0 

with the sum over nonzero compositions a, we deduce that the $a for A strict also 
form a A y -basis of T y . □ 

Following |BKT2i Prop. 5.2], the i? A for A fc-strict form a Z-basis of rW. For 
any fc-strict partition A, the theta polynomial Q\(x;y) is defined by Q\ — P a i?a- 
The polynomials <d\ for all fc-strict partitions A form another Z-basis of . 

5.2. Recall that Po = 1 and for each integer r > 1, we have P r = q r /2. Set 

Vr(x;y) 



e r (y) + 2J2i=o p r-i(x)ei(y) if r < k, 



[12i=0 P r-i( x ) e i(y) ifr>fc 

and rj' k (x ; y) — X)i=o Pk-i( x ) e i(y)- Observe that we have, for any r > 0, 

!T] r if r < k, 

2?] r if r > k, 
while rjk — r)' k = efc(y). Define the ring of eta polynomials 

P (fc) = Z[r?!,.. -,T]k-i,Vk,v'k^k+i ■ • •]• 
Proposition 5.2. TTie Q-algebra is a free -module with basis 1, efc(y). 
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Proof. The definition implies that Bq^ — Tq [efe(j/)]. We claim that 

rg°ne fc te)rg° =o. 

Indeed, we know that the v\ for fc-strict partitions A form a Q-basis of Iq . Wc 
deduce from ([33]) and Proposition 15.11 that for each fc-strict partition A, there is a 
unique expression 

(35) $\(x;y) = 'J2a fiv 'd tl (x;y)e l/ (y 2 ) 

where the a^ v are integers and the sum is over strict partitions /i and partitions v 
with v\ < fc such that |^t| + 2|i/| = |A|. The claim follows from this and the fact that 
the Z-linear submodules of A y spanned by the e v {y 2 ) and ek{y)e u {y 2 ), respectively, 
have trivial intersection. We deduce that B^ is the Tq '-algebra generated by e k (y) 
modulo the quadratic relation (|33[) . The proposition now follows by elementary 
algebra. □ 

Let A be a typed fc-strict partition and let R be any finite monomial in the 
operators Rij which appears in the expansion of the power series R x in (Q. If 
type(A) = 0, then set R*i9 x — flux. Suppose that type(A) > 0, let d — ^fe(A) + 1 
be the index such that Xd — fc < Ad_i, and set a — (a±, . . . , otd-i, ay+ij ■ ■ ■ , cue) 
for any integer sequence a of length £. If R involves any factors Rij with i = d or 
j = d, then let R -k-d x — \ If R has no such factors, then let 

R*tix = l Vkl9irx ifty P e(A) = l, 
\v' k #jTx iftype(A)=2. 

Definition 5.3. For any typed fc-strict partition A, the eta polynomial H x = 
H x {x ; y) is the element of B^ defined by the raising operator formula 

H\ = 2- lkW R x *i9 x . 

The type of the polynomial H x is the same as the type of A. 

If A is a fc-strict partition, we define the polynomials H Xl H' x , H x , and H x using 
the same conventions as in <j3.2l in the case of Schubert classes. Note that 



H = 2 -t k {\) R \ d _ I H * + H 'x if A has Positive type, 
1 H\ otherwise, 

while if A has positive type then 

H X = H X -H' X = 2- e ^e k (y) R x ~ k $ x _ k = 2-^e k {y) 9 A _ fe . 

The raising operator expression for H x implies that Iq — ^p x Q H x , summed over 
all fc-strict partitions A. It follows from Proposition 15.21 that there is a direct sum 
decomposition 

flg° = r^®e k (y)T^ = QH X ® QH X . 

A fc-strict A fc-strict 

of positive typo 
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For any typed fc-strict partition A, we have 

( H x if typc(A) = 0, 

(36) H x = Uh x + H x )/2 if type(A) = 1, 

{{Hx-Hx)/2 iftypc(A) = 2 

in analogy with (j2"2")l . We deduce that is isomorphic to the stable cohomology 
ring H(OGfe(even)) via the map which sends Hx to Tx, and that the polynomials Hx 
indexed by typed fc-strict partitions A form a Z-basis of B^ k K Indeed, the relations 
(f2"5| and are satisfied by the rj r , r > 1 and 7]' k , as follows immediately from the 
equations (|33[) for the values r > fc. This completes the proof of Theorem |4j 

5.3. Define the elements 5a (x ; y) and Qx(x ; y) of P( fc ) by the equations 

S\(x ; y) = - fy) ^ = de t(^A i+ i-i)ij 

i<3 

and 



1 - -^ij q 
1?> 



7? 



Hx(x;y) 



These polynomials were studied in [BKT21 Thm. 3 and Prop. 5.9]. Using equation 
(|3"6"1) . we easily obtain the following result. 

Proposition 5.4. Let X be a typed k-strict partition of length £. 

(a) If A,; + Xj < 2fc + j — i for all i < j , then we have 

Sx(x;y) if Ai < fc, 

2 S\(x ; y) + \ e k (y) S X -k(x ; y) if type(A) = 1, 

\ S\(x ; y) - | e/-(y) Sx-k(x ; y) if type(A) = 2, 

i Sx{x;y) if Ai > fc. 

(b) 7/ Ai + Xj > 2k + j — i for all i < j < I, then we have 

'2~ e Qx(x;y) if X e > fc, 

1 Qx(x ; y) + 2~ l e k (y) Qx- k (x ; y) if type(A) = 1, 

' Qx{x ; y) - 2- 1 e k (y) Qx-k(x ; y) if type(A) = 2, 

}x(x ; y) if A f < fc. 



Hx(x;y) 




6. Schubert polynomials for even orthogonal Grassmannians 

6.1. In this section, we prove that the polynomials Hx(x;y) are special cases of 
Billey-Haiman type D Schubert polynomials ® w (x, z). Let W n +i be the Weyl group 
for the root system of type D n+ i. The elements of W n+ i may be represented as 
signed permutations of the set {l,...,n + l};we will denote a sign change by a 
bar over the corresponding entry. The group W n +i is generated by the simple 
transpositions Si = + 1) for 1 < i < n, and an element sq which acts on the 
right by 

(ui,U2,...,u n+ i)s = (u 2 ,ui,u 3 ,...,u n+ i). 
Set Woo — Un and ^ w e ■ reduced factorization of w is a product 
?« = ra in Woo such that £(w) = £(u) + ((v). A reduced word of m 6 Woo is a 
sequence eti • • • ag of elements in N such that w = s ai ■ ■ ■ s ae and £ = £(w). If we 
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convert all the O's which appear in the reduced word a\ . . . a r to l's, we obtain a 
flattened word of w. For example, 23012 is a reduced word of 1432, and 23112 is the 
corresponding flattened word (note that the flattened word need not be reduced). 
We say that w has a descent at position r > if £(ws r ) < £(w), where s r is the 
simple reflection indexed by r. 

For k ^ 1, an element w G is fc-Grassmannian if £(wsi) — £(w) + 1 for 
all i ^ fc. We say that w is 1-Grassmannian if £(wsi) — £(w) + 1 for all i > 2. 
The elements of W n +i index the Schubert classes in the cohomology ring of the 
flag variety SO*2 n +2 /B, which contains H*(OG(n + 1 — k, 2n + 2), Z) as the subring 
spanned by Schubert classes given by fc-Grassmannian elements. In particular, each 
typed fc-strict partition A in V(k,n) corresponds to a fc-Grassmannian element 
w\ G W n +i which we proceed to describe; more details and relations to other 
indexing conventions can be found in [Til §6]. 

Given any typed fc-strict partition A, we let A 1 be the strict partition obtained 
by removing the first k columns of A, and let A 2 be the partition of boxes contained 
in the first fc columns of A. 

fc 



A typed fc-strict partition A belongs to V(k, n) if and only if its Young diagram fits 
inside the shape II obtained by attaching an (n + 1 — fc) x fc rectangle to the left 
side of a staircase partition with n rows. When n — 7 and fc = 3, this shape looks 
as follows. 



n 



The boxes of the staircase partition that are outside A form south-west to north- 
east diagonals. Such a diagonal is called related if it is A"-related to one of the 
bottom boxes in the first fc columns of A, or to any box [0, i] for which Ai < i < fc; 
the remaining diagonals are non-related. Let n < r2 < ■ ■ ■ < denote the lengths 
of the related diagonals, let u\ < U2 < ■ ■ ■ < u t be the lengths of the non-related 
diagonals, and set p = £(\ 1 ) = ^fe(A). If type(A) is non-zero, then t = n — k — p. If 
type(A) = 1, then the fc-Grassmannian element corresponding to A is given by 



w\ = (r 1 + 1, . 
while if type(A) = 



...rfc + l.fA^i+l, 

2, then 



...(A^p + l.l.m + l,. 



w x = (n + l,...,r fc + 1, (A x )i + l,...,^ 1 ^ + 1,1, ui + 1,. 



^n—k—p 



i>n — k—p 



i) 



l 



Here we use the convention that 1 is equal to either 1 or 1, determined so that w\ 
contains an even number of barred integers. Finally, if type(A) = 0, then n = 0, 
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i.e., one of the related diagonals has length zero. In this case we have t = n—k—p+l 
and 

w\ = (l,r 2 + 1, ...,rfc + 1, (A 1 )! + 1, ... , (A 1 )^ + l,ut + 1,.. . ,u n+ i-k- p + 1) • 

The element w\ 6 depends on A and fc, but is independent of n. 

Example 6.1. The element A = (7,4,3,2) £ 7^(3,7) of type 2 corresponds to 
^ = (3,6,7,5,2,1,4,8). 



A = 
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o 
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6.2. We say that a sequence a = (oi, . . . , a m ) is unimodal if for some r < m, we 
have 

ai > 0-2 > ■ ■ • > CLr-i > a r < a r+ i < • • • < a m , 

and if a r _i = a r then a r = 1. 

Let w 6 and A be a Young diagram with r rows and £(w) boxes. A 
Kraskiewicz-Lam tableau for w of shape A is a filling T of the boxes of A with 
positive integers in such a way that 

a) If ti is the sequence of entries in the i-th row of T, reading from left to right, 
then the row word t r . . .t\ is a flattened word for w. 

b) For each i, ti is a unimodal subsequence of maximum length in t r . . . U+iU. 

If T is a Kraskiewicz-Lam tableau of shape A with row word ai ...at, set m(T) = 
£(A) + l—p, where p is the number of distinct values of s ai ■ ■ ■ s a . (1) for < j < t. 
It follows from [Lai Thm. 4.35] that m(T) > 0. 

For each w £ Woo one has a type D Stanley symmetric function E w {x) 1 which 
is a positive linear combination of Schur P- functions jBH, FK ( La . In particular, 
Lam [La] has shown that 

(37) E w {x)=Y,d X w Px{x) 

x 

where = ^2 T 2 m ( T \ summed over all Kraskiewicz-Lam tableaux T for w of 
shape A. 

Example 6.2. Let A be a strict partition of length £ with Ai < n, and let fi be the 
strict partition whose parts are the numbers from 1 to n + 1 which do not belong 
to the set {1, \g + 1, . . . , Ai + 1}. Then the signed permutation 

w\ = (Al + 1, . . . , A^ + 1, 1, \l n -t, ■ • ■ , Ml) 

is the O-Grassmannian element of W n +i corresponding to A. There exists a unique 
Kraskiewicz-Lam tableau T\ for w\. This tableau has shape A and its ith row 
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contains the integers between 1 and Xi in decreasing order; moreover, we have 
m(T\) — 0. For example, 



G 


5 


4 


3 


2 


1 1 


5 


4 


3 


2 


1 




2 


1 











2(6,5,2) 

We deduce that E Wx (x) — P\(x). 

6.3. Following Billey and Haiman |BHj . each w £ VFoo defines a type D Schubert 
polynomial D w (x, z). Here z = (zi, z% y . . .) is another infinite set of variables and 
each D w is a polynomial in the ring A = 1[Pi(x), P2(x), . . . ; Zx, Zi, . . .]. The poly- 
nomials D w for w £ VFoo form a Z-basis of A, and their algebra agrees with the 
Schubert calculus on orthogonal flag varieties SC>2n /£>, when n is sufficiently large. 
According to Mil Thm. 4], for any w £ W n we have 

(38) ® w (x,z) = E u {x)e v {z), 

uv—w 

summed over all reduced factorizations w — uv in W n for which v £ S n . Here & v (z) 
denotes the type A Schubert polynomial of Lascoux and Schiitzenberger |LS] . 



Proposition 6.3. The ring of eta polynomials is a subring of the ring of 

Billey-Haiman Schubert polynomials of type D. For every typed k-strict partition X 
we have H\(x ; y) = D Wx (x, y). 

Proof. We first show that the eta polynomial r/ r , r > 1 (respectively rj' k ) agrees with 
the Billey-Haiman Schubert polynomial indexed by the fc-Grassmannian element 
u>( r ) £ Woa corresponding to A = (r) (respectively, by w'^ corresponding to A = 
(k) with type(A) = 2). One sees that has a reduced word given by (k — 
r + 1, k - r + 2, . . . , k) when 1 < r < k, by (r - k, r - k - 1, . . . , 1, 0, 2, 3, . . . , k) 
when r > k, and that w'^ has the reduced word (0, 2, . . . , k). It follows that if 
W( r ) — uv is any reduced factorization of W( r ) with v £ Soo, then v = for 
some integer i with < i < k. The type A Schubert polynomial for is given 
by & W(i) (z) = &i{z\, . . . , Zk), and (|3T[) implies that the type D Stanley symmetric 
function for u = w^w^ is 



E u (x) 



2P r -i(x) ifr<k, 
P r -i{x) iir>k 



We conclude from (|3"5)) that D„ (r) {x, z) — 7] r (x;z) and {x, z) = n' k (x;z), as 

required. Since the Schubert polynomials T) w multiply like the Schubert classes on 
even orthogonal flag varieties, the proposition now follows from Theorem [2] □ 

Theorem 6. For any typed k-strict partition A, the polynomial H\ is a linear 
combination of products of Schur P -functions and S '-polynomials: 

(39) H x {x;y)=Y d dl v P»{x)s v ,{y) 

where the sum is over partitions [i and v such that /i is strict and i/cA 2 . Moreover, 
the coefficients are nonnegative integers, equal to the number of Kraskiewicz- 
Lam tableaux for w\w~ l of shape [i. 
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Proof. Proposition 16.31 and (|38|) imply that for every typed fc-strict partition A wc 
have 



where the sum over all reduced factorizations w\ = uv in Woo with v £ Soo- The 
right factor v in any such factorization must be a Grassmannian permutation with 
descent at position k. In fact, it is not hard to check that the right reduced factors 
of w\ that belong to Soo are permutations w v given by partitions v C A 2 (and are 
exactly these partitions whenever type(A) ^ 2). We now use (|3"T)) and the fact that 
the Schubert polynomial & Wv (y) is equal to the Schur polynomial s u >(y). □ 

If A is a fc-strict partition of type 2, let 



be A 1 with a part r\ added, and let A 4 be A 2 with r\ boxes subtracted from the 
fc-th column, so that 



Corollary 6.4. Let X be a typed k-strict partition. 

(a) The homogeneous summand of H\(x ; y) of highest x- degree is the type D Stanley 
symmetric function E Wx {x), and satisfies E Wx {x) = 2~ tk ^ R x q\{x). 

(b) The homogeneous summand of H\(x;y) of lowest x-degree is P\i (x) S(A 2 )'(y); 
«/type(A) ^ 2, and P\s(x) s^)'(y), «/type(A) = 2. 

Proof. Part (a) follows by setting y — in (|40|) and also in the raising opera- 
tor expression H\(x;y) = 2~ tk ^ R x * $\(x ; y). Part (b) is deduced from (|39| . 
Example 16. 2\ and the observation that w\w^2 (respectively, iuxw^) is the 0- 
Grassmannian Weyl group element corresponding to the strict partition A 1 , if 
type(A) 7^ 2 (respectively, to the strict partition A 3 , if type(A) = 2). □ 

Appendix A. Schubert varieties in orthogonal Grassmannians 

Our goal in this section is to give a geometric description of the Schubert varieties 
in the orthogonal Grassmannians OG(to,./V), and to establish the assertions about 
the subsets Y\ claimed in the introduction and Section 13721 We also correct errors in 
the definition of the type D Schubert varieties and degeneracy loci which appeared 
in the earlier papers (ED §3.2, p. 1713], [HI §6.1, p. 333], and jBKTl| §3.1 and 
§4.3, p. 377 and 389]. In each of these references, the type D Schubert variety 
is claimed to be the locus of isotropic subspaces (or flags) E which satisfies a 
system of dimension inequalities, obtained by intersecting E with the subspaces 
in a fixed isotropic flag (or its alternate). The Schubert variety should be defined 
as the closure of the corresponding Schubert cell, which consists of the locus of E 
satisfying a system of dimension equalities. See e.g. |T2| §2.1] for a precise definition 
of the Schubert varieties in even orthogonal flag varieties in these terms, and the 
discussion in |Fu) and |FP1 §6.1] for more on this phenomenon. 

We thank Vijay Ravikumar for pointing out that the description of the type D 
Schubert varieties and their Bruhat order in ISK TT1 §4.3] is wrong, which led us to 
the above errors. Fortunately, the mistaken description of the Schubert varieties in 
|KT| ITU IBKT1] does not affect the correctness of the results of loc. cit. outside of 



(40) 




A 3 



A 1 +r 1 = ((A 1 ) 1 ,(A 1 ) 2 ,...,r 1 ,r 1 -l 



(A 4 )' = ((A 2 )' 1 ,...,(A 2 )' fc _ 1 ,(A 2 )' fe -r 1 ). 
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[BKT11 Prop. 4.5], as this description was never used. We fix the errors in |BKT1[ 
§4] below. 

Let V = be a complex vector space equipped with a non-degenerate symmet- 
ric bilinear form (— , — ). Fix m < N/2 and let OG = OG(m,N) be the orthogonal 
Grassmannian of m-dimensional isotropic subspaces of V. This variety has a tran- 
sitive action of the group SO(T^) of linear automorphisms that preserve the form 
on V. For any subset A C V we let (A) C V denote the C-linear span of A. Fix 
an isotropic flag P. in V and let B C SO(V) be the Borel subgroup stabilizing F. . 
The Schubert varieties in OG are the orbit closures of the action of B on OG. We 
also fix a basis e\, . . . , ejy of V such that (e*, ej) = <5;+j,7v+i and F p = (ei, . . . , e p ) 
for each p. 

We call a subset P C [l,iV] of cardinality m an index set if for all i, j 6 P we 
have z + j ' ^ N + 1. Equivalently, the subspace (e p : p G P) C V is a point in OG. 
Let Xp = B.(e p : p G P) C OG be the orbit of this point, and let X P = ~Xp~ be the 
corresponding Schubert variety. Any point S G OG defines an index set 

P(E) = { P e [l, iV]|snf p 3Sn p p _i} , 

since no vector in F p \ P p _i is orthogonal to a vector in P/v+i- p \ Fn_ p . It follows 
from [BKT11 Lemma 4.1] that we have X° p = {Se OG | P(£) = P}. In particular, 
the Schubert varieties in OG are in 1-1 correspondence with the index sets. Given 
any two index sets P = {pi < ■ ■ ■ < p m } and Q = {qi < ■ ■ ■ < q m },we write Q < P 
if <7j < Pj f° r each j. 

Recall that the integer n is defined so that N = 2n + 1 if N is odd, N = 2n + 2 
if TV is even, and k satisfies n + k = N — m — 1. Following BKTll §4] and the 
introduction, equation (1) establishes a bijection between the index sets Q for which 
n + 1 ^ Q and the set of fc-strict partitions A whose Young diagram is contained in 
an m x (n + k) rectangle. Notice that the condition on Q is always true if N is odd. 
If P = {pj} is an arbitrary index set we let P = {p-} denote the index set with 
Pj = n + 2, if j»j = n + 1, and = pj, otherwise. Define a Zariski closed subset 
Y P C OG by 

Y P = {£ e OG | dim(S n P F .) > j for 1 < j < m} . 

If A is the fc-strict partition corresponding to P, then Yp agrees with the set Y\ 
defined in the introduction. Observe that Yp = Uq<p Xq. In particular, Xp C Yp 
for any index set P. 

Type B. We assume in this section that N = 2n + 1 is odd. 

Proposition A.l. For any index set P — {pi < ■ • • < p m } C [1, 2n + 1], we have 

X P = Y P = {£ G OG | dim(S n PpJ > j, VI < j < m} . 

Por any fwo index sets P and Q, we have Xq C Xp if and only if Q < P. 

Proof. It suffices to prove that Q < P implies Xq C Xp. Assuming Q < P, it is 
enough to construct an index set P' such that Q < P' < P and Xp/ C Xp. 

Choose j minimal such that qj < pj, and notice that [qj,Pj — 1] fl P = 0. If 
some integer x G [qj,Pj — 1] satisfies that x ^ n + 1 and N + 1 — x ^ P, then 
set P' = {pi, . . . ,pj-i, x.pj + i, . . . ,p m }, and observe that Q < P' < P. Define a 
morphism of varieties P 1 — > OG by 

(41) [s : t] >-> S[ s: t] = (e Pl , . . . , e Pj _ 1 , s e x + t e Pj , e Pj+1 , . . . , e Pm ) . 
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Since S [1:0] e Xf>, and S [s:t] £ X° P for i ^ 0, it follows that Xf,, C Xp. 

Otherwise, we must have JV + l- i e P for all x £ [qj,Pj — 1] \ + !}■ We 
deduce that qj < n and pj < n + 2. If pj = n + 2, then we may use the set 
P' = {pi, . . . ,pj-i,n,Pj+i, ■ ■ ■ ,Pm} and the morphism 

[s : t] i ^ S[ s:t ] = (e Pl , . . . , e PJ _ 1 , s 2 e„ + 2si e n+ i - 2i 2 e„ +2 , e Pj+1 , . . . , e Pm ) 

from P 1 to OG to conclude as above that X P , C Xp. 

We may therefore assume that qj < pj < n. Set P' = (P x {pj, iV + 1 — qj}) U 
{qj,N + 1 — pj}. We then use the morphism P 1 — >• OG given by 

(42) [s : t] i-> S [s:t ] = (e p : p 6 P n P') © ( se gj + *e Pj , sejv+i-p^ -tejy+i-^) 

to show that X£, C Xp. We finally check that Q < P' < P. The relation P' < P 
is true because qj < pj and N + 1 — pj < N + 1 — qj . Set u = pj — qj and choose 
v > j such that p„ = + 1 — qj. Then we have q v < p v and p„— t — Pv ~ i for 
i £ [0, u — 1]. It follows that (fo-i < q„ — i < p v — i — 1 = p' v _ i for i £ [0,u — 1]. 
Since qj = p'j and p' r = p r for r ^ {j} U [« — u + 1, w], this implies that Q < P'. □ 

Type D. We assume in this section that N — 2n + 2 is even. Following |BKT1[ 
§4.3] we agree that every index set P C [1, In + 2] has a type, which is an integer 
type(P) £ {0, 1,2}. If Pn{n + l,n + 2} = 0, then the type of P is zero. Otherwise, 
type(P) is equal to 1 plus the parity of the number of integers in [l,n + 1] \ P. 
As in loc. cit. and the introduction, there is a type preserving bijection between 
the index sets P C [1, 2n + 2] and the typed fc-strict partitions A in P(k, n). If P 
corresponds to A, then Xp is also denoted X\. 

For any index set P, let [P] = Pll{N + l-p | p £ P}. A pair (Q, P) of index sets 
is called critical if there exists an integer c < n + 1 such that [c, n+1] C [P] PI [Q] and 
#Qfl [1, c — 1] = #?n[l, c — 1]. Such an integer c is then called a critical index. We 
will write Q ^ P if (i) Q < P and (ii) if (Q, P) is critical then type(Q) = type(P). 

Notice that if ^ = n + 1 and p 3 = n + 2 for some j, then n + 1 is a critical index 
for (Q, P) and type(Q) ^ type(P), so Q ^. P. Let t be the involution on index sets 
that interchanges n + 1 and n + 2. We have Q ^ P if and only if l(Q) ^ t(P). We 
note that Q < P if and only if Q ^ P or Q X t(P). 

Proposition A. 2. For any index set P — {pi < ■ ■ ■ < p m } C [l,2n+ 2], </ie 
Schubert variety Xp is equal to the set of all £ £ Yp such that for all c with 
[c, n + 1] C [P], we tewe dim(E n P c _i) > #P n [1, c - 1] or 

(43) dim((S + P c _i)nP„+i) = c-l + #Pn[c,n+l] (mod 2) . 

//type(P) = 0, tten AT P = Yp, while iftype(P) > 0, then X P U X l{p) = Y P . For 
any two index sets P and Q, we have Xq C Xp if and only if Q X P. 

Proof. Let Zp be the subset of Yp indicated in the proposition. Since Zp is B- 
stable and contains X P , it suffices to show that Zp is closed, that Xq C Zp implies 
Q di P, and that Q < P implies Xq C ATp. The last of these assertions reduces to 
showing that, for Q -< P, there exists an index set P' such that Q < P 1 < P and 
Xp/ C A"p. Choose j minimal such that qj < pj. Then [qj,Pj — 1] HP = 0. 

Assume first that [qj,Pj — 1] <£ [P], and set x = min{\qj,Pj — 1] \ [P]) and P' = 
{pi, . . . ,pj-i,x,pj+i, . . . ,p m }- Then Q < P' < P, and the morphism P 1 — > OG 
defined by gl]) shows that X° P , C Xp. If Q ^ P', then (Q,P') is critical and 
type(Q) 7^ type(P'). This implies that ^ < n. Let c be a critical index for (Q, P'). 
Since ^ [P'] we must have pj < c or pj > n + 3. If Pj < c, then c is also a critical 
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index for (Q, P) and type(P') = type(P), which contradicts Q < P. On the other 
hand, if Pj >n + 3, then i = n+le [P'], n £ [P% and P' n [1, n] C Q n [1, n], 
which contradicts that (Q,P') is critical. 

Otherwise we have [qj,Pj — 1] C [P] \ P. It follows that g., < n and p j < n + 2. 
Set P' = (P\{pj, JV + l-#})U{qrj-, JV + l-jjj-}. Then P' < P, and the morphism 
defined by (|42|) shows that -Xp, C Xp. To see that Q -< P', we first assume that 
Pj < n + 1. Then the argument from the odd orthogonal case shows that Q < P' , 
so if Q 2< P', then (Q,P') is critical and type(Q) ^ type(P'). Since Q -< P and 
type(P') = type(P), we deduce that (Q,P) is not critical. Let c be a critical index 
for (Q, P'). Since c is not a critical index for (Q, P) we must have c < pj. But then 
[qj ,7i + l] C [P] , and since Q < P we also have [(£,■ , n + 1] C [Q] , so qj is a critical 
index for (Q, P), a contradiction. Finally, if p 3 ■ = n + 2, then the above argument 
applied to i(Q) and t(P) shows that t(Q) t(P'), and therefore that Q ri P'- 

We next show that Zp is closed. For each integer c with [c,n + 1] C [P], we 
set j c = #P n [l,c - 1] and U c = {£ G Y P \ dim(S n P c _i) = j e }, and we let 
Z c C C/ c be the subset of points satisfying (|43|1 . Since all points S £ Yp satisfy 
dim(SnP c _i) > j c , it follows that U c is a Zariski open subset of Yp. We claim that 
Z c is closed in U c . Let E g J7 C be any point. The condition [c, n + 1] C [P] implies 
that #P n [1, N+ 1 - c] = j c + n+2 - c, so dim(E n F^) >j c + n+2-c. It follows 
that dim((SnP c i 1 ) + P c _i) > n+1. But (EnF c J i 1 ) + .F c _i = (S + F c _i) nF^i is 
an isotropic subspace of V, so its dimension is exactly n + 1. Let OG c = OG c (n — 
c + 2, P ( ^l 1 /P c _i) denote the space of maximal isotropic subspaces of F^ 1 /F c -i, 
which has two connected components. The claim now follows because Z c is the 
inverse image of one of these components under the morphism U c — > OG c defined 
byEn- ((E + P c _i) HF^^/Fc-i. We conclude that Z P is closed using the identity 

Z P = p| ((Y p \ U c ) U Z e ) . 

[c,n+l]c[F] 

Finally, assume that C Zp, and let £ S Xq be any point. Since Xq C Yp, 
we have Q < P- It follows that Q < P, as otherwise p 3 = n + 1 and g 3 = ri + 2 
for some j, in which case E € C/„+i \ Z n+ \. Moreover, if c is any critical index 
for (Q,P), then £ e J7 C , and (g3J) implies that type(Q) = type(P). It follows that 
Q d: P, which completes the proof. □ 

Example A. 3. For the special Schubert varieties, indexed by typed /c-strict par- 
titions with a single non-zero part, Proposition |A]2] gives 

X r = Y r = {E e og I E n F e(r) ^ 0}, 

for r =/= k, where e(r) = n + k + 2 — rifr<fc, and e(r) = n + fc + l — r if r>fc, 
while X fc UIJ. = Yfe = {£ e OG | E n F n +2^ 0}. Let P„+i C V be the unique 
maximal isotropic subspace such that F n C P n +i ^ Pn+i- Proposition IA.2I gives 

X k = {E e OG | E n P„+i ^ 0} and I[ = {EeOG | E n F n+1 ^ 0}, 

if n is even, while the roles of P„+i and P,i+i are exchanged if n is odd. This agrees 
with |BKT11 §3.2] and the assertions made in the introduction. 
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